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Abstract 

We prove strong completeness of a range of substructural logics with 
respect to a natural poset-based relational semantics using a coalgebraic 
version of completeness-via-canonicity. By formalizing the problem in the 
language of coalgebraic logics, we develop a modular theory which covers 
a wide variety of different logics under a single framework, and lends itself 
to further extensions. Moreover, we believe that the coalgebraic frame¬ 
work provides a systematic and principled way to study the relationship 
between resource models on the semantics side, and substructural logics 
on the syntactic side. 


1 Introduction 

This work lies at the intersection of resource semantics/modelling, substructural 
logics, and the theory of canonical extensions and canonicity. These three areas 
respectively correspond to the semantic, proof-theoretic, and algebraic sides of 
the problem we tackle: to give a systematic, modular account of the relation 
between resource semantics and logical structure. Our approach will mostly 
be semantically driven, guided by the resource models of separation logic. We 
will therefore not delve into the proof theory of substructural logics, but rather 
deal with the equivalent algebraic formulations in terms of residuated lattices 
( |OnoQ3j and (GJKQ071 give an overview of the correspondence between classes 
of residuated lattices and substructural logics). 

Resource semantics and modelling. Resource interpretations of sub¬ 
structural logics — see, for example, |Gir871 IOP991IPQY041IGMP051ICP09] - 
are well-known and exemplified in the context of program verification and se¬ 
mantics by Ishtiaq and O’Hearn’s pointer logic [IOOlj and Reynolds’ separation 
logic |Rey02| , each of which amounts to a model of a specific theory in Boolean 
BI. Resource semantics and modelling with resources has become an active field 

‘Electronic address: f.dahlqvist@ucl.ac.uk; Corresponding author 

^Electronic address: d.pym@ucl.ac.uk 


1 













of investigation in itself (see, for example, |CMP12j l. Certain requirements, dis¬ 
cussed below, seem natural (and useful in practice) in order to model naturally 
arising examples of resource. 

1. We need to be able to compare at least some resources. Indeed, in a com¬ 
pletely discrete model of resource (i.e., where no two resources are com¬ 
parable) it is impossible to model key concepts such as ‘having enough 
resources’. On the other hand, there is no reason to assume that any 
two resources be comparable (e.g., heaps). This suggests at least a pre¬ 
order structure on models. In fact, we take the view that comparing 
two resources is fundamental and, in particular, if two resources cannot 
be distinguished in this way then they can be identified. We thus add 
antisymmetry and work with posets. 

2. We need to be able to combine (some) resources to form new resources 
(e.g., union of heaps with disjoint domains [IQ01] 1. We denote the com¬ 
bination operation by ®. An alternative, relational, point of view is that 
we should be able to specify how resources can be ‘split up’ into pairs of 
constituent resources. From this perspective, it makes sense to be able to 
list for a given resource r, the pairs (si, S 2 ) of resources which combine to 
form a resource si ® S2 < r. 

3. All reasonable examples of resources possess ‘unit’ resources with respect 
to the combination operation ®; that is, special resources that leave other 
resources unchanged under the combination operation. 

4. The last requirement is crucial, but slightly less intuitive. In the most 
well-behaved examples of resource models (e.g., heaps or N), if we are 
given a resource r and a ‘part’ s of r, there exists a resource s' that 
‘completes’ s to make r; that is, we can find a resource s' such that 
s® s' = r. More generally, given two resources r, s, we want to be able to 
find the the best s' such that s®s' <r. In a model of resource without this 
feature, it is impossible to provide an answer to legitimate questions such 
as ‘how much additional resource is needed to make statement (f> hold?’. 
Mathematically, this requirement says that the resource composition is a 
residuated mapping in both its arguments. 

The literature on resource modelling, and on separation logic in particular, is 
vast, but two publications - }CGZ071 and (BV151 - are strongly related to this 
work. Both show completeness of ‘resource logics’ by using Sahlqvist formulas, 
which amounts to using completeness-via-canonicity f IBdH.VO 11 IJon94j ). 

Completeness-via-canonicity and substructural logics. The logical 
side of resource modelling is the world of substructural logics, such as BI, and 
of their algebraic formulations; that is, residuated lattices, residuated monoids, 
and related structures. The past decade has seen a fair amount of research 
into proving the completeness of relational semantics for these logics (for BI, for 
example, l*()Vt) 1 . ; GMP050 . using, among other approaches, techniques from 
the duality theory of lattices. In |DGP05I . Dunn et al. prove completeness 
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of the full Lambek calculus and several other well-known substructural logics 
with respect to a special type of Kripke semantics by using duality theory. 
This type of Kripke semantics, which is two-sorted in the non-distributive case, 
was studied in detail by Gelirke in |Geh06j . The same techniques have been 
applied to prove Kripke completeness of fragments of linear logic in [CGvRll) . 
Finally, the work of Suzuki [Suzlll explores in much detail completeness-via- 
canonicity for substructural logics. Our work follows in the same vein but with 
with some important differences. Firstly, we use a dual adjunction rather than 
a dual equivalence to connect syntax and semantics. This is akin to working 
with Kripke frames rather than descriptive general frames in modal logics: the 
models are simpler and more intuitive, but the tightness of the fit between syntax 
and semantics is not as strong. Secondly, we use the topological approach 
to canonicity of iGHOll IGJ041 IVenOGj because we feel it is the most flexible 
and modular approach to building canonical (in)equations. Thirdly, we only 
consider distributive structures. This is to some extent a matter a taste. Our 
choice is driven by the desire to keep the theory relatively simple (the non¬ 
distributive case is more involved), by the fact that, from a resource-modelling 
perspective, the non-distributive case does not seem to occur ‘in the wild’ and, 
finally, because we place ourselves in the framework of coalgebraic logic, where 
the category of distributive lattices forms a particularly nice ‘base category’. 

Completeness-via-canonicity, coalgebraically. The coalgebraic per¬ 
spective brings many advantages to the study of completeness-via-canonicity. 
First, it greatly clarifies the connection between canonicity as an algebraic 
method and the existence of ‘canonical models’; that is, strong completeness. 
Second, it provides a generic framework in which to prove completeness-via- 
canonicity for a vast range of logics MDP13I 1. Third, it is intrinsically modular; 
that is, it provides theorems about complicated logics by combining results for 
simpler ones 1 ICP071 iDPllI h We will return to the advantages of working 
coalgebraically throughout the paper. 

2 A coalgebraic perspective on substructural log¬ 
ics 

We use the ‘abstract’ version of coalgebraic logic developed in, for example, 
) KKP04i . IKKP051 and | fjS10] : that is, we require the following basic situation: 



G 


The left hand-side of the diagram is the syntactic side, and the right-hand side 
the semantic one. The category ^ represents a choice of ‘reasoning kernel’; 
that is, of logical operations which we consider to be fundamental, whilst L 
is a syntax constructing functor which builds terms over the reasoning kernel. 
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Objects in are the carriers of models and T specifies the coalgebras on these 
carriers in which the operations defined by L are interpreted. The functors F 
and G relate the syntax and the semantics, and F is left adjoint to G. We 
will denote such an adjunction by Note, as mentioned in the 

introduction, that we only need a dual adjunction, not a full duality. 

2.1 Syntax 

Reasoning kernels. There are three choices for the category ‘if which are 
particularly suited to our purpose, the category DL of distributive lattices, the 
category BDL of bounded distributive lattices, and the category BA of boolean 
algebras. The categories DL,BDL and BA have a very nice technical feature 
from the perspective of coalgebraic logic: each category is locally finite; that is, 
finitely generated objects are finite. This is a very desirable technical property 
for the presentation of endofunctors on this category and for coalgebraic strong 
completeness theorems. We denote by F h U the usual free-forgetful adjunction 
between DL (resp. BDL, resp. BA) and Set. 

True and false. The choice of including (or not) T and 1 to the logic is 
clearly provided by the choice of reasoning kernel. 

Algebras. Recall that an algebra for an endofunctor L : if 'if is an 
object A of ‘if together with a morphism a : LA -»• A. We refer to endofunctors 
L : -*• & as syntax constructors. 

Resource operations. The operations on resources specified in the intro¬ 
duction; that is, a combination operation and its left and right residuals, are 
introduced via the following syntax constructor: 


LrlA = F{/, a® 6, a—® 6, a ®- & | a, be U A}/ 
Lnhf '■ Trl^4 -»• Lrl-B, [a]= [/(«)]= , 


Trl : “if -* “if, 


where = is the fully invariant equivalence relation in “if generated by the following 
Distribution Laws for non-empty finite subsets A of A: 


DL1. V A ® a = V[A ® a] 
DL2. a®VA = V[a®A] 


DL4. VA-® a = A[A-®a] 
DL5. A X ®- a = /\[X ®- a] 
DL6. a ®- V X = A[a ®- A]. 


DL3. a -® A A = A [a -® 1 A] 


where V[A ® a] = V{a: ® a | x £ A} and similarly for the other operations. 
For the categories BDL and BA we allow A to be the empty set and use the 
usual convention that V 0 = -L and A0 = T. The language defined by Lrl is 
the free TRL-algebra over FV which we shall denote by £(Lrl,F) or simply 
£(£rl) when a choice of propositional variables V has been established. It is 
not difficult to see that £(Trl) is the language of the distributive full Lambek 
calculus (or residuated lattices) quotiented under the axioms of if and DLQJ 
[6] An LRL-algebra is simply an object of if endowed with a nullary operation 
I and binary operations ®, -® and ®- satisfying the distribution laws above. 
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Note that an TRL-algebra is not a distributive residuated lattice. Only some 
features of this structure have been captured by the axioms above. But several 
are still missing, and will be added subsequently as canonical frame conditions. 
^RL-algebras are an example of Distributive Lattice Expansions , or DLEs; that 
is, distributive lattices endowed with a collection of maps of finite arities. When 
*£ = BA, L^L-algebras are an example Boolean Algebra Expansions , or BAEs. 

Modularity. The syntax developed above is completely modular in two 
respects. First, it is modular in the choice of ‘reasoning kernel’ since the same 
formal functor can be overloaded to be used on several different choices of base 
categories. Second, and most importantly, it allows for a very concise definition 
and construction of the fusion of logics ( [DPllj ): that is, the free combination 
of two logics defined on the same base categories. If L 2 ■ < £ are functors 
defining languages £(Li),£(L 2 ), then the fusion £(Li) ©£(£ 2 ) of these lan¬ 
guages is simply given by C{Li + L 2 ) where + is the object-wise coproduct in ‘if. 
As an example, consider modal substructural logics; for instance, the ‘relevant 


modal logic’ of [Suzll] or the modal resource logics of |CMP121 ICG131ICG15| . 
The language of positive modal logic ( [Dun95l ) is given by the functor 



Lmi^A = F{0a, da | a e U A}/ = 

£ml/ : L M i.A -*■ Lml-B, [a]= [/(a)] 


where = is the fully invariant equivalence relation in to generated by the following 
Distribution Laws for finite subsets X of A: 


ML1. 0(VA') = V[0^] 


ML2. □(AI) = A[dA']. 


where V[0A'] = V{0x | x e X} and similarly for □. When ‘if = BA one can of 
course use a single modality and define its dual in the usual fashion, but nothing 
is lost by considering the full signature, so we will consider Lml to be the functor 
defining modal logics across all our reasoning kernels, and the language of modal 
logics is then given in our framework by the free ^ML-algebra over FV ; that is, 
L(Lml)- The language of the various substructural modal logics cited above, 
which is the fusion £(Trl) © £(Lml), is thus simply given by £(Lrl + Lml)- 
Similarly, we can consider bi-substructural languages as is done in [CMP 15] : 
that is, languages which allow resources to be combined in two different ways. 
In this case the language is simply given by £(Lrl + Lrl)- 

2.2 Coalgebraic semantics 

Semantic domain. As we mentioned in the introduction, it is reasonable 
to assume that a model of resources should be a poset, and thus taking $> = 
Pos is intuitively justified. This is a particularly attractive choice of ‘semantic 
domain’ given that the category Pos is related to DL by the dual adjunction 
Pf h U : DL -> Pos op , where Pf is the functor sending a distributive lattice 
to its poset of prime filters, and DL-morphisms to their inverse images, and 
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U is the functor sending a poset to the distributive lattice of its upsets and 
monotone maps to their inverse images. When a distributive lattice is a boolean 
algebra, it is well-known that prime filters are maximal (i.e., ultrafilters) and 
the partial order on the set of ultrafilter is thus discrete; that is, ultrafilters 
are only related to themselves. Thus the dual adjunction Pf h U becomes the 
well-known adjunction Uf h V between BA and Set op . 

Coalgebras. Recall that a coalgebra for an endofunctor T : S> -*■ is an 
object W of ^ together with a morphism 7 : W -» TW. The endofunctors that 
we will consider are built from products and ‘powersets’ and will be referred to 
as model constructors. Note that Pos has products, which are simply the Set 
products with the obvious partial order on pairs of elements. The ‘powerset’ 
functor which we will consider is the convex powerset functor: P c : Pos -> Pos, 
sending a poset to its set of convex subsets, where a subset U of a poset (A', <) 
is convex if x,z e U and x < y < z implies y e U. The set P C A is given a poset 
structure via the Egli-Milner order (see [BKP V11 i IBKV 13] j. Note that if X is 
a set, it can be seen as a trivial poset where any element is only related to itself, 
and in this case it is not difficult to see that any subset U £ X is convex. Thus 
in the case of sets, the convex subset functor P c is simply the usual covariant 
powerset functor. It therefore makes sense to consider P c over all our ‘semantic 
domains’. 

Coalgebras for the resource operations. We define the following model 
constructor, which is used to interpret /, < 8 >, and : 



T rl W = 2 x P C (W x W) x P c (W op x W) x P C (W x W° p ) 
Trl/ = T Rh W - T rl W', U ~ (ld 2 x (/ x f) 3 )[U]. 


The intuition is that the first component of the structure map of a TRL-coalgebra 
(to the poset 2) separates states into units and non-units. The second compo¬ 
nent sends each ‘state’ w eW to the pairs of states which it ‘contains’, the next 
two components are used to interpret and , respectively, and will turn 
out to be very closely related to the second component. Note that if S> = Pos, 
the structure map of coalgebras are monotone, intuitively this means bigger 
resources can be split up in more ways. 

The semantic transformations. In the abstract flavour of coalgebraic 
logic, the semantics is provided by a natural transformation 6 : LG -*• GT op 
called the semantic transformation. We show below how this defines an inter¬ 
pretation map, but we first define our semantic transformation at every poset 
W by its action on the generators of L RR GW: 


5^(I) = {teT RL W\n 1 (t) = 0e2} 

5^(u ® v) = {t 6 T rr W \ 3 (x,y) e tt 2 (t),x e u,y e v} 
6 ^( 0 -® w) = {t e TrlIT [ V(a :,y) e TT 3 (t),x e u => y e w) 
^(wigi-r) = {t e T rl W \ V(x,y) e 7 r 4 (t), x e v^yew} 


where wi, 1 < i < 4 are the usual projections maps, and u, v 6 GW. 
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Proposition 1. The natural transformation <5 RL is well-defined. 

Proof. Let us first check that for any u,v £ UW, <5^(u ® w),<5jy J (u-<8> v) and 
<5^(« ®-i>) are upsets in TrlTT. Assume first that t 6 ® v) and that 

t < t' 6 Trl IT, we want to show that t' e (it ® v ) too. By definition of the 
partial order on Trl W, we have that 7 T 2 (t) < 7 r 2 (t') for the (component-wise) 
Egli-Milner order; that is, for each (.T,y) e 7 r 2 (t) there exists ( x' ,y') € 7 r 2 (t') 
such that x <x' and y < y'. But by definition of <5^ (it ® u) we know that there 
exists (x, y) £ 7r 2 (t) such that x e u,y e v, and since u, v are upsets it follows that 
x' e u,y' e v and thus t' 6 (5^(u® v) as desired. Assume now that t £ Sy^(u-®v) 
and that t<t'e Trl W, we want to show that t' £ S^f(u~€>v). To see that this 
is the case, take any (a :',y r ) £ 773 (t r ) and assume that x' £ u, we need to show 
that y' £ v. By definition of the Egli-Milner order we know that there exists 
(x, y) £ 7 T 3 (t) such that x' < x and y <y' (note the inequality reversal due to the 
presence of (~) op in the definition of Trl). Since u is an upset, it follows that 
x £ u and since t £ <5^(it—® v), it follows that y £ v, and thus y' £ v as v is an 
upset. The proof is identical for (5^(u ®-u). 

Let us now show that <5^ satisfies the distributivity laws DL[T][G] For any 
ui,U 2 ,v £ UW we have 

(5 rl (mi uu 2 , v ) ={t £ Trl VP | 3 (x,y) £ 7r 2 (t),xe iti u u 2 ,ye 
={t £ Tr L TT | 3 (x,y) £ n 2 (t),x £ u 3 ,y £ v}u 
{t £ Tr L VE [ 3 (x,y) £ n 2 (t),x £ m 2 ,2/ e u} 

=(5 rl ('«i , v ) u (5 RL (it 2 , v), 

and the proof is clearly identical for the second argument. The meet preservation 
in the second argument of -® is easy: 

<5 RL (?;-® (hi nzt 2 )) ={t e T RL W | V(x,y) £ 7r 3 (t),x £ v => y £ (m n tt 2 )} 
={ieTR L lT| V(x,y) £ ?r 3 (t), x £ v => y £ ui} n 
(t £ Tr L IT | V(x,y) £ tt 3 {t),xe v^yeu 2 } 

=5 RL (i>-® ui) n <5 RL (i> —® m 2 ). 

For the anti-preservation of joins in the first argument we have 

<5* L ((u iu« 2 )-«v) ={t e Trl IT | V (x, y) £ 7r 3 (t),x £ (iti uti 2 ) ^ y e v} 

={t e Trl IT | V(x,y) £ 7r 3 (t),x £ m =► y £ i>} n 
{t £ Trl IT I V(x,y) £ n 3 (t),x€ u 2 ^yev} 

=5y L (' u i ~~® w) n <5 RL (u 2 -® v), 

where we use the classical equality x £ (iq u u 2 ) y e v iff x £ (iti u u 2 ) or y £ v 
iff (x i iti or x £ v) and (x i u 2 or x £ v). The proof for ®- is identical. □ 

The semantic transformations are thus well-defined. We now show how the 
interpretation map arises from the semantic transformation. Recall that, for a 
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given syntax constructor L : *£ -> the language C(L) of L is the free i-algebra 
over FV. This is equivalent to saying that it is the initial L(-) + FF-algebra. 
We use initiality to define the interpretation map by putting an L(-) + FV- 
algebra structure on the ‘predicates’ of a T-coalgebra 7 : W -*• TW; that is, 
on the carrier set GW. By definition of the coproduct, this means defining a 
morphism LGW -* GW and a morphism FV -*■ GW. By adjointness it is easy 
to see that the latter is simply a valuation v : V -» UGW. For the former we 
simply use the semantic transformation and G applied to the coalgebra. The 
interpretation map [-] 7 is thus given by the catamorphism: 

Lf-l^+ldpv 

LC(L) + FV- - - - - - >■ LGW + FV 

5w+\dpv 

GTW + FV 

G'y+v 

'' ' ■ 

C(L) - ^GW 


Modularity. Following our point on the modularity of the syntax, we high¬ 
light the modularity of the coalgebraic semantics too. Modal logic will be in¬ 
terpreted in XML-coalgebra for the functor 


{t rl W=P c (W)*P c (W ) 

|7ml/ : T ml W - T ml W', U ~ ( f) 2 [U]. 


Note that we are interpreting Q and □ using different relations. Modulo Dunn’s 
interaction axioms l |Dun95j l one can show that these two relations must be 
equal in the case of boolean modal logic, and that they can be assumed to be 
equal in the case of positive modal logic (although models where they are not 
equal will exist too). The semantics is given as usual by the transformation 
d ML : LmlG ->• GTml defined at every poset W by its action on the generators 
of LmlGW: 


Sw L (0u) = {(x,y) e T M lW \ x n u * 0 } 

6$ L (n u ) = {(x,y)eT M LW\ycu} 

Model constructors and semantic transformations can be assembled in a way 
that is dual to the the syntax constructors; that is, using products rather than 
co-products. Formally, for languages defined by functors -*• & inter¬ 

preted in coalgebras for the functors Tj, X 2 ; & -*■ by semantic transformations 
S 1 ^ 2 respectively, the fusion L{L\ + L 2 ) is interpreted in Xj x TVcoalgebra, 
where the product is taken object-wise in 5/ via the semantic transformation 

(G 7 Ti + Gtt 2 ) ° 5^ + 5^ : L\G + L 2 G —> GT\ + GT 2 GXj x GT 2 
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In particular, the semantics of the modal substructural logics defined above is 
given by the following interpretation maps: 

L ML + £rl[-]( 7 i x 72 ) + IdFV 

(£ml+£rl)£(£ml+£r,l(-))+FV->- L M \,GW+LyclGW+PV 

'5w L +'5w+ldFV 

GT M lW+GT rl W+FV 

G(7lX72 )o(G7Ti+G7T2)+V 

£(Lml+Lrl)--->- GW 

li JJ(71><72) 


2.3 Advantages of the coalgebraic approach. 

Before we move on to the technical part of this paper, we return to the ad¬ 
vantages of our set up. From the perspective of studying the relation between 
resource semantics and logics, the fundamental situation described by Diagram 
[T| is particularly promising. Going from substructural logics to resource models, 
the coalgebraic approach allows us to ‘guess’ and generate appropriate resource 
models. Indeed, starting from a ‘reasoning kernel’ the existence of a dual 
adjunction F h G with a category @ restricts the kind of model carriers we 
should consider. Moreover, as we will see later, objects of the type GFA for 
A s ^ will play a crucial role and should be canonical extensions. This extra 
requirement determines to a great extent the useful structure (s) one ought to 
consider for the carriers of resource models. For example when ^ = DL, we 
cannot take S' = Set, because GFA is then given by VPfA which is not the 
canonical extension of A. It is therefore the framework itself which suggests 
that non-boolean substructural logics should have posets of resources as their 
models. Similarly, as we have shown above, the choice of T, that is to say of 
relational structure on the carrier, can be guessed from that of L in a systematic 
fashion - at least for the languages we consider here. 

Conversely, if we start from requirements on resource models, such as the 
natural conditions listed in the introduction, we can work from resource model 
to logic via the existence of a dual adjunction F h G and the constraint that 
GFA should be the canonical model of A. In this way, the ‘natural’ logics to 
reason about partially ordered models of resources are positive; that is, based on 
DL. Moreover, the relational structure suggested in the introduction suggests 
adding binary modalities, in other words functors L : DL -*• DL building binary 
‘modal’ formulas over DL, as was done in this section. Thus we see that in either 
direction the categorical clarity of coalgebraic logics provides us with a natural 
and principled methodology for building resource models from substructural 
logics and vice versa. 

Finally, we note that recent work on positive coalgebraic logics ( (BKPVlll 
lBKV13j l suggests that what is known of boolean modal logics with relational 
semantics can be adapted in a systematic and principled way to the positive 
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modal logics that we are are considering here. Indeed, our choice of semantics 
in terms of convex powerset coalgebras is dictated by the fact that this functor 
is a universal extension to Pos of the usual powerset functor on Set. In this 
sense, the coalgebraic perspective also suggests what a ‘correct’ relational model 
on a poset of resources should be. 


3 Jonsson-Tarski extensions 


The languages L(Lrl) and C(Lml) which we have introduced earlier are part 
a class of logics with a very strong property: they are strongly complete with 
respect to their semantics. This is what we will now establish, and it is the 
first step is showing strong completeness of more complex logics based on the 
languages L(Lrl) and L(Lml)- The proof is an application of the coalgebraic 
Jonsson-Tarksi theorem. 

Theorem 2 (Coalgebraic Jonsson-Tarksi theorem, |KKP05j h Assuming the 
basic situation of Diagram m and a semantic transformation S : LG -*■ GT, 
if its adjoint transpose S : TF -»■ FL has a right-inverse C, '■ FL -*• TF, then 
for every L-algebra a : LA -*• A, the embedding r)A • A -*■ GFA of A into its 
canonical extension can be lifted to the following L-algebra embedding: 


LA- 

Lva 

LGFA ■ 


8 FA 


GTFA - 


GCa 


GFLA 


GFa 


' 1 

GFA 


( 2 ) 


We call the coalgebra ( ° Fa : FA TF A a canonical model of (the L- 
algebra) A. If A is the free L-algebra over FV we recover the usual notion of 
canonical model. The ‘truth lemma’ follows from the definition of g. We will 
call the L-algebra LGFA -a- GFA defined by Diagram © a Jonsson-Tarski 
extension of the a : LA -* A. 

We now prove the existence of canonical models for the logics defined by Lml 
and Lrl- The result generalizes Lemma 5.1 of |Dun95] . which builds canonical 
models for countable DLs with a unary operator, and Lemma 4.26 of (BdRVOl] . 
which builds canonical models for countable BAs with n- ary operators. We 
essentially show how to build canonical models for arbitrary DLs with n-ary 
expansions all of whose arguments either (1) preserve joins or anti-preserve 
meets, or (2) preserve meets or anti-preserve joins. The proof is rather involved 
and is detailed in the appendix. 

Theorem 3. The adjoint transpose of the transformation <5 RL : LrlG -*■ GTrl 
(resp. <5 ML : LmlG -» GTml) has right inverses at every distributive lattice. 


Strong completeness: Let us now define what we exactly mean by strong 
completeness. Let ^ be DL, BDL or BA, L : -* V be a set of propositional 

variables, q : £(L) -» Q be a regular epi, and let £ Q be two families of 


10 














‘formulas’ such that $ ^ T; that is, such that no finite set <f>o of elements of $ 
and no finite set To of elements of T can be found such that A $0 < V To- The 
statement that Q is strongly complete w.r.t. to a class T of T-coalgebras means 
that for any such choice of <f>, T there exists a T-coalgebra 7 : X -*• TX in T, a 
valuation v ■ FV -> GX , and a point x e X such that x e [a]( 7) „) for all a e $ 
and x £ [fe]( 7)V ) for all b e T. 

Theorem 4. The logic defined by Trl (resp. Lml) is sound and strongly 
complete with respect to the class of all Trl- (resp. Tml~) coalgebras. 

Proof. We show the case of £(Trl). Let >I>,T £ £(Trl) and \f ft. Then 
the filter (4>)^ generated by <f> and the ideal (T )' 1 generated by T obey (T) 1 ^ n 
(4 , } J ' = 0 . By the PIT there exists a prime filter extending ($} t such 
that w® n (T )- 1 = 0 . By Theorems [2] and [3l the T-algebra £(Trl) has a 
Jonsson-Tarski extension which provides an interpretation in the T-coalgebra 

PLC(Trl) ->■ PfT RL T(TRL) C£(I,RL)> TPfT(T RL ) coinciding with ?7 £(l R l)- In 
this interpretation e [a] for all a e $ and { [ 6 ] for all b e T. □ 

4 Canonical extensions and canonical equations 

In the previous section we have shown how to embed an L-algebra with carrier 
A into an T-algebra with carrier GFA. When ^ = DL.BDL or BA carriers 
of this shape are known as canonical extensions (and denoted A a ) and a great 
deal is known about them. The theory of canonical extensions in DL has been 
extended to boolean algebras with operators (BAOs) (' |JT51| 1 and to distributive 
lattice expansions (DLEs) 1 JGJ941IGJ04j I and forms the basis of the theory of 
canonicity which consists in determining when the validity of an an equation 
in a DLEs transfer to its canonical extension; that is, when A 1 = s = t, implies 
A a \ = s = t. Note that the canonical and Jonsson-Tarski extensions are in general 
not equal. This section deals only with canonical extensions, but we will see 
in the next section how these results can be combined with the Jonsson-Tarski 
construction of Theorem [5] 

4.1 Canonical extension of distributive lattices 

We now briefly present the salient facts about canonical extensions for distribu¬ 
tive lattices. For any A in DL, UPFA is known as the canonical extension of A 
and denoted A G . It can be characterised uniquely up to isomorphism through 
purely algebraic properties, namely that A is dense and compact in A a . For 
our purpose however, defining the canonical extension of A as UPFA will be 
sufficient. The canonical extension A° of a distributive lattice A is always com¬ 
pletely distributive (see [GJ04| 1. The following terminology will be important: 
A a is a completion of A and all joins of elements of A therefore exist in A a , such 
elements are called open and their set is denoted by 0(A ). Dually, meets in A a 
of elements of A will be called closed and their set denoted K(A). Elements of 
A = K(A) n O(A) are therefore called clopens. 
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4.2 Canonical extension of distributive lattice expansions 

We now sketch the theory of canonical extensions for Distributive Lattice Ex¬ 
pansions (DLE) — for the details, see [GJ941 [GJ041 . Each map / : U A n -* UA 
can be extended to a map (U A a ) n -> U A G in two canonical ways: 

f a (x) - VIA f\d,u\ | K n 3 d < x < u e O n } 
r (®) = A(V f[d, u]\K n 3d<x<u€O n } : 

where f[d, it] = {/(a) | a e A n , d < a <u}. Note that since A is compact in A a the 
intervals [ d , u] are never empty, which justifies these definitions. For a signature 
E, the canonical extension of a E-DLE ( A,(f s : -*■ U J 4) se s) is defined 

to be the E-DLE (A a ,(ff : U(A CT ) ar ( n > - UW 7 )^), and similarly for BAEs. 
We summarize some important facts about canonical extensions of maps in the 
following proposition, proofs can be found in, for example, |GH011lGJ04UVen06] : 

Proposition 5. Let A be a distributive lattice, and f : U A n -* U A. 

1 f a tA n = f, r A n = f 

2. f a < under pointwise ordering. 

3. If f is monotone in each argument, then f a f (K u 0) n = f n \ (K u 0) n . 

We call a monotone map / : U A n -*■ U A smooth in its i th argument (1 < i < n) 
if, for every Xi,..., x,-i , x i+1 ,..., x n e K u O, 

f (^-1; • * * ) Xji— 1 5 Xj , Xj+i , . . . , X n ) — f (xi, . . . , Xi—i , Xi , Xi+\ , . . . , X n ), 

for every Xi 6 A a . A map / : U A n -> U A is called smooth if it is smooth in each 
of its arguments. 

In order to study effectively the canonical extension of maps, we need to 
define six topologies on A a . First, we define and a as the topologies 

generated by the bases {t p \ p e K}, {f u \ u e O} and (t pn J, u \ K 3 p <e O}. 
The next set of topologies is well-known to domain theorists: a Scott open in A a 
is a subset U £ A a such that (1) U is an upset and (2) for any up-directed set D 
such that V D e U, D nU + 0. The collection of Scott opens forms a topology 
called the Scott topology, which we denote 7 b The dual topology will be denoted 
by 7 *, and their join by 7 . It is not too hard to show (see IGHOll IVen06j l that 
7 T £ ed, 7 * £ ed, and 7 £ a. We denote the product of topologies by x, and 
the n-fold product of a topology r by r". The following result shows why these 
topologies are important: they essentially characterize the canonical extensions 
of maps: 

Proposition 6 i lGHOll h For any DL A and any map f : U A n -*■ U A, 

1. f a is the largest (a n , 7 ^)- continuous extension of f, 

2. f n is the smallest (er” , 7 J ') _ continuous extension of f 
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3. f is smooth iff it has a unique {a n , 7 )-continuous extension. 

From this important result, it is not hard to get the following key theorem, 
sometimes known as Principle of Matching Topologies, which underlies the basic 
‘algorithm’ for canonicity: 

Theorem 7 (Principle of Matching Topologies, [G-HOD 1 Ven06| ) . Let A be a 
distributive lattice, and f : U A n -* HA and gi : U A mi -* UA, 1 < i < n be 
arbitrary maps. Assume that there exist topologies Ti on A, 1 < i < n such that 
each gf is {o mi ,t{)- continuous, then 

1. if f a is (nx.. ,xt„, ^-continuous, then f° (gf ,..., g°) < (f(g 1 ,...,g n )) a 

2. if f 7 is (T 1 x...xT n ,'y 1 )-continuous, then f a {gf ,... ,g°) > (/(ffi,..., g n )T 

3. if f a is (nx.. .xr n , 7 )- -continuous, then f a (g (,... ,g°) = (f(gi,.. ■ ,gn)Y ■ 

The last piece of information we need to effectively use the Principle of 
Matching Topologies is to determine when maps are continuous for a certain 
topology, based on the distributivity laws they satisfy. For our purpose the 
following results will be sufficient: 

Proposition 8 ( )GJ94l fGHOli fGJ04l lVen06l ). Let A be a distributive lattice, 
and let f : U A n -*■ UA be a map. For every (n- 1 )-tuple (Oz)i<j<n-i , we denote 
by flf : A -> A the map defined by x ^ f{a\,... ,a k -i,x,a k , ■ ■. ,o n _ 1 ). 

1. If f^ preserves binary joins, then (f a )a preserve all non-empty joins and 
is (cAjC A)-continuous. 

2. If f^ preserves binary meets, then (f a )a preserve all non-empty meets and 
is (afY)-continuous. 

3. If fa anti-preserves binary joins (i.e., turns them into meets), then (f a )a 
anti-preserve all non-empty joins and is (afY)-continuous. 

4■ If fa anti-preserves binary meets (i.e., turns them into joins), then (f a )a 
anti-preserve all non-empty meets and is Y)-continuous. 

5. In each case f is is smooth in its k th argument. 

4.3 Canonical (in)equations 

To say anything about the canonicity of equations, we need to compare interpre¬ 
tations in A with interpretations in A a . It is natural to try to use the extension 
(•) CT to mediate between these interpretations, but (-) 0 ' is defined on maps, not 
on terms. Moreover, not every valuation on A a originates from valuation on A. 
We would therefore like to recast the problem in such a way that (1) terms are 
viewed as maps, and ( 2 ) we do not need to worry about valuations. 

Term functions. The solution is to adopt the language of term functions 
(as first suggested in |J6n94| h Given a signature E, let T(V) denote the lan¬ 
guage of E-DLEs (or E-BAEs) over a set V of propositional variables. We 
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view each term t e T(F) as defining, for each E-DLE A , a map t A : A n -*■ A. 
This allows us to consider its canonical extension (t A ) cr , and also allows us to 
reason without having to worry about specifying valuations. Formally, given 
a signature E and a set V a propositional variables, we inductively define the 
term function associated with an element t built from variables x\ ,..., x n e V 
as follows: 

• x A = n™ : A n -+ A, 1 < * < n; 

• (f(h, ■ ■ ■= f A ° (t£, ■ ■ -,t A ). 

where 7 r,; is the usual projection on the i th component, f A is the interpretation 
of the symbol / in A and (t A ,■ ■ ■ ■ t, A ) is usual the product of m maps. Note that 
in this definition we work in Set, and the building blocks of term functions are 
thus the variables in V (interpreted as projections) and all operation symbols, 
including v, a and possibly - 1 . 

Proposition 9. Let s,t be terms in the language defined by a signature E and 
A be a Tj-DLE, 

A\= s = t iff s A = t A . 

Canonical (in)equations. An equation s = t where s,t e T(P) is called 
canonical if A 1 = s = t implies A° I = s - t, and similarly for inequations. Follow¬ 
ing |J6n94| . we say that t e T(F) is stable if (t A ) a - t A , that t is expanding if 
( t A ) a < t A , and that t is contracting if ( t A ) a > t A , for any A. The inequal¬ 
ity between maps is taken pointwise. The following proposition illustrates the 
usefulness of these notions: 

Proposition 10 ( )Jon94j ). If s,f e T(P) are stable then the equation s = t is 
canonical. Similarly, let s,t e T(P) such that s is contracting and t is expanding, 
then the inequality s <t is canonical. 

Proof. Let A be an arbitrary E-DLE. If A 1 = s = t, then s ' 4 = t A by Proposition 
[9] Therefore (s * 4 )' 7 = ( t A ) a and thus s A = t A , by stability, and it follows that 
A a 1= s = t by Proposition 0 

Similarly, if A 1 = s < t then < t A by Proposition [5] and thus (s j4 ) ct < (t A ) a . 
By the assumptions on s and t, this means that we also have s " 4 < t A , and 
thus A a 1 = s < t by Proposition [9] □ 

5 Coalgebraic Completeness via-canonicity 

In this section we will combine the results of Sections 2 and 3. We will first 
exhibit a set of canonical axioms which complete the definition of Lrl and 
completely axiomatize the distributive full Lambek calculus. This will prove 
that the variety defined by these axioms is canonical; that is, closed under 
canonical extension. We will then show that the canonical and Jonsson-Tarski 
extensions defined by Theorems [3] and [2] coincide. This will allow us to conclude 
strong completeness of the distributive full Lambek calculus. 
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5.1 Axiomatizing distributive residuated lattices 

So far we have only captured part of the structure of distributive residuated 
lattices, namely we have enforced the distribution properties of -*■, ®, -® and ®- 
by our definition of the syntax constructor Lrl- In order to capture the rest of 
the structure we now add axioms which, when added to DI|T][Gl fully axiomatize 
distributive residuated lattices. Due to the constraints that these axioms must 
be canonical, we choose the following Frame Conditions: 


FC1. a® / = a, I ® a = a 
FC2. I < a —® a, I < a ®- a 
FC3. a ® (6-® c) < (a ® b) -® c 


FC4. (c ®- b) ® a < c®- (a ® 6) 
FC5. (a ®- &) ® 6 < a 
FC6. b ® (6-® a) < a. 


Proposition 11. TTie axioms DlfTffQ and F(JT^ axiomatize distributive resid¬ 
uated lattices. 

Proof. It is straighforward to check that axioms DL|Tj[n] and FC[I][6] hold in any 
residuated lattice. Conversely, we show that if FC[T][(J] hold in an LRL-algebra, 
then this LRL-algebra is a residuated lattice. It is clear from FC[l]that ® defines 
a monoid on the carrier set. It remains to show that the residuation conditions 
are satisfied. Assume that a ® b < c. We have 


/ < 6 -®b 
a < a® (b~<g>b) 

< (a ® b) —® b 

< c —® b 


pern 

FCQ] and nronotonicity of ® from Lrl 

FCJS 

Monotonicity of ~® from Lrl 


Now assume that a <b —® c. Then we have 


a®6<(&-®c)®6 Monotonicity of ® from Lrl 

<c FCU 

The proof for the left residual ®- is identical. Note that the monotonicity of 
the operators are consequences of DIJTjGl □ 

We now show one of the crucial steps. 

Proposition 12. The axioms LYUHd] are canonical. 

Proof. The proof is an application of Theorem [7] and Proposition 1101 

FCQ] Since ® preserves binary joins in each argument, it is smooth by Prop. 
[8l and it follows that it is (<7 2 ,7)-continuous. Since -rtf and I a are trivially 
(a, er)-continuous, it follows from Theorem [7] that (® o (■ k 1 ,I)) a = ® CT o ( 771 , l}' 7 . 
Each side of the equation is thus stable and the result follows from Prop. [1(71 
FCU I is stable and thus contracting, and ( -® °(7Ti, ni)) a = -® CT 0 ( 771 ,7ri) CT , 
since 77 ^ is (<r, a )-continuous and -® CT is smooth. The RHS of the inequality is 
thus stable, and a fortiori expanding, and the inequality is thus canonical. 
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fc m Since preserve joins in each argument, it preserves up-directed 
ones, and is thus ((yt) 2 , 7 t )-continuous. Since is smooth it is in particular 
(cr 2 , 7 t )-continuous. Since 7rf is (a, ytj-continuous, we get that ® <T o (nf, -® cr 
0(^2,773}} is (<7, 7 ^)-continuous and thus contracting. For the RF1S, note that 
since preserves meets in its first argument, it must in particular preserve 
down-directed ones, thus -® CT is ( 7 '*', 7 '*')-continuous in its first argument. Simi¬ 
larly, since -® 17 anti-preserve joins in its second argument, it must in particular 
anti-preserve up-directed ones, and is thus (y^l^-continuous in its second ar¬ 
gument. This means that is (7 2 , 7 J ')-continuous. We thus have that the full 
term is (<7 , yt) continuous, and thus expanding. The inequation is therefore 
canonical. 

f cm The LHS is contracting by the same reasoning as above, and the 
RHS is stable and thus expanding. 

□ 


5.2 Jonsson-Tarski vs canonical extensions 

We have just shown that the variety of TRL-algebras defined by the equations 
FC[l][6]is canonical; that is, closed under canonical extension. However, since we 
want to exhibit models, what we really need to show is that the variety defined 
by FC[l][n]is closed under Jonsson-Tarski extensions. Fortunately, for the logics 
of interest to us here the two extensions in fact coincide. This is what we will 
now show. The proof is not difficult but rather long, and can be found in the 
appendix. 

Proposition 13. The structure map of the Jonsson-Tarski extension of an Lrl- 
algebra is equal to the canonical extension of its structure map (in the sense of 
Section \4-2\ ). 

5.3 Strong completeness 

We are now ready to combine all our results and to state and prove our main 
completeness theorem. 

Theorem 14 (Strong completeness theorem). The Distributive Full Lambek 
Calculus is strongly complete with respect to the class of Trl- coalgebras validat¬ 
ing FCfTSB 

Theorem m Let H>, be (not necessarily finite) subsets of £(Lrl); that is, 
elements of the free TRL-algebra over FV, such that 

FCHH21+ $ H- T 

We need to find a TRL-model validating the axioms FCHElsuch that each a e $ 
and no b e is satisfied in this model. Now consider the Lindenbaum-Tarski 
^RL-algebra a ■ Lrl£ -» £ defined by axioms FC[l][6l that is, 

£ = £(T rl )/(FC[I]-[6D, 


16 


where the quotient is under the fully invariant equivalence relation in ^ gener¬ 
ated by the frame conditions FCHE1 Note that this algebra comes equipped with 
a canonical valuation v : FV -*■ £. By construction, £ validates FCHEl and since 
we’ve established, in Proposition [T2j that they are canonical, the £ R L-algebra 

L RL WPf£ WPf£ 

also validates these axioms. By Proposition [13] we know that this £ R L-algebra 
is the Jonsson-Tarski extension of £, and as a consequence 

UCr WPfa 

£ RL WPf£ WT RL Pf£ —^ WPf£ RL £-* WPf£ 

validates FC fTlGl As a direct consequence of the definition of coalgebraic seman¬ 
tics, we have the following commutative diagram: 


£RL[-]wPfX + ldFV 


r r ( t \ iRL^c + ldFV r ,- T . 

£ RL £(£ RL ) + ft -- L rl C + FV -- L Rh UPfC + FV 


a 


^Pf£ + ldFV 

UT RL Pf£ + FV 

^CPf£+ldFV 

UPfC + FV 

UPfa+v 


£(£rl) 



£ 


1-JuPfC 



WPf £ 


It follows easily that at every prime filter iy e Pf£, w t=FC|T][ni since [-]wpf£ 
must factor through [-]c which ensures precisely that FC[l][(T]are valid. Thus 
Pf£ is a model validating the axioms. We now need to find a point in u>$ e Pf£ 
such that wl=$ but w if dR For this we start by considering the filter-ideal pair 

m\m l ) 

where (<F) f is the filter generated by the equivalence classes in the Lindenbaum- 
Tarski algebra £ of formulas in <1>, and similarly for the ideal generated by T. It 
is clear that (<F) 1 ’ is proper, or else we would necessarily have F(JT1T51+ tE> i— \P, a 
contradiction. For the same reason it is clear that (<F)^ n (T)* = 0. By the PIT, 
we can find a prime filter uq, 2 ((F) 1 ^ in Pf£ such that w$ n (T)* = 0. It follows 
immediately that 

1= <F and tf T 

which is what we wanted to show. □ 
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5.4 Modularity. 

The coalgebraic setting allows us to combine completeness-via-cano-nicity re¬ 
sults from simple logics to get results for more complicated logics. It can be 
shown that the coalgebraic Jonsson-Tarski theorem is modular in the following 
sense. 

Theorem 15 (Strong completeness transfers under fusion). Let Li \ c & -*• A ?, X) : 
LA -► LA,S l : LiG -*• GTi,i =,1,2. For any (Li + L 2 )-algebra (4, a), if 5\ has 
a right inverse (f A ,i = 1,2, then r/A ■ A -*• GFA lifts to an L i + L 2 ~algebra 
morphism. 

Proof. We show that the following diagram commutes: 

L\A + L 2 A - L\GFA + L 2 GF A 



F being left adjoint preserves colimits, and thus turns coproduct in *€ into 
products in LA. The bottom left-hand corner trapezium thus commutes by 
naturality of ?y. So we must show the commutativity of to top-right-hand corner 
triangle. For this we first show that 

(Gtti + Git2 ) ° C ^ 1 + h 2 ) o ( LiT]a + L2g a) = G(h\ x S\) ° til 1 a+l 2 a 
This is easily seen from the following diagram, which unravels the definition of 
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adjoint transposes and uses the fact that F preserves colimits: 

L\A + L 2 A — 

L 1 r) A *L2riA 

l 1 gfa+l 2 gfa 

(8 1 )fa+(8 2 )fa 

gt 1 fa+gt 2 fa 

G'K i +Gr7T2 

G(TiF AxT 2 F A) 

All the horizontal arrows are simply given by the unit 77 : Id -»■ GF (we have 
omitted the labels to keep the diagram readable), and thus the two top rectangles 
commute by naturality. Finally, we are left to deal with the bottom triangle 
which can be seen to commutes from the following commutative diagram: 


GF(LiA+L 2 A)c?G(FLiAxFL 2 A) 


GF(L\t)a+L2Va)- 


G(FLirjAxFL2riA) 


GF(L 1 GFA+L 2 GFA)^G(FL 1 GFAxFL 2 GFA) 


GF((S 1 ) FA+(fi 2 ) fa)- 


GiFiSAFA xG(F(5 2 ) fa) 


GF{GT 1 FA+GT 2 FA)^G(FGT 1 FAxFGT 2 FA) 


G(eT 1 FA°AlXeT 2 FA 0 A 2 ) 


GTiFA G(TiFA x T 2 FA) _ GTxFA + GT 2 FA —- GT 2 FA 


VGT-lFA 


'Hgt 1 fa+gt 2 fa 


11GT 2 FA 


GFGT 1 F££&(FGT 1 FAxFGT 2 FA)~GF(GT 1 FA+GT 2 FAf^lGFGT 1 FA 

Get x FA G(eT 1 FA°AiXeT 2 FA°A2) Get 2 FA 

- G(TiFA X T 2 FA) --- GT 2 FA 


GTiFA ■ 


Gtt 1 


GlT2 


The top squares commute by naturality of 77, the bottom squares commute by 
naturality of e and the two squares can be joined by the fact that F turns 
coproducts into products. Note also that Ge^FA 0 77077 fa = \Agt x fa by the 
fact that F h G, and the desired result follows from the unicity of the coproduct 
map Gf 1 + Gir 2 . It is now easy to see that 

G(Ca x Cl) 0 (Gfi + Gtt 2 ) o (J 1 + 6 2 ) o (Litja + L 2 t]a) 

=G{&x&)°G( 5 1 A x 8 2 A )or, LlA+ L 2 A 

=<3(0*1 x 8\) o (Cl x Cl)) ° rj Ll A+L 2 A 
~T]L\A+L2A’) 


by the assumption that Q and Cl are right inverses. 


□ 


Note that we can extract a model of the right type from the proof above, 
namely 


Cl x Cl ° Fa : FA -* T\FA x T 2 FA. 
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6 Application to distributive substructural log¬ 
ics. 

6.1 Describing TRx-coalgebras validating FCJTJ16] 

The axioms Fc mici translate as two simple frame conditions on the relational 
(resource) models interpreting the logic defined by Trl and these axioms; one 
dealing with the unit I of the language, and the other with the residuation of 
-® and ®- with respect to ®. The class of TRL-coalgebras satisfying the second 
frame condition is described in Theorem 1191 It is intuitive and indeed corre¬ 
sponds to the usual relational semantics of distributive substructural logics (see, 
e.g., }Res02] l or separation logic/BI. However, proving it ‘from first principles’ 
as we do here is much more intricate than might be expected and, indeed, much 
more so than is clear in [DP 15] . 

Let 7 : W -*■ Tr lW be a TRL-coalgebra validating the axioms FC[I][ 6 ] Axioms 
Fan means that every world w e IT must have amongst its successors pairs 
( w,x ) and ( y,w ) such that x,y are ‘unit states’, viz. x,y t= I, moreover these 
are the only successors of w containing a unit state. This condition can be found 
in, for example, [ CGZQ7J . The other axioms are simply designed to capture the 
residuation condition in such a way that canonicity can be used; so a model 
in which FC[2][6] are valid is simply a model in which the residuation conditions 
hold, viz. a ® fe < c iff b < a —® c iff a < c ®- b. 

To see what this means for TRL-coalgebras we need the following lemma. 
For any T RL -coalgebra 7 : IT -> 2 x P C (W x W) x P C (IT 0 P x W) x P c (W x IT op ), 
let 7 /, 7 ®, 7 -® and 7 ®. define the four components of the structure map. We 
define 


7 ® Xi) (w) = {(x,y) | 3 (x',y f ) e 7 ®(w),x<x',y < y'} 

7^, Xf) (w) = {(x,y) | 3 (x',y') e 7 -®(w),x < x',y' < y} 

7 ^ Xi) (w) = {(x,y) | 3(x',y’) €'y 0 _(w),x' <x,y < y'} 

Lemma 16. Let 7 : W -*• TrlIT be a coalgebra and let 7 : W -+ T^lW be the 
Trl -coalgebra defined by 7 /, 7 ® x ^, 7 ^| Xt \ 7 ^ fxJ ’'* defined as above, then for any 
valuation v : FIT -»■ UW and any w € IT 

(w,'y,v)t=a iff (w, 7 , v) 1 = a 

Proof. This is an easy consequence of the the definition of Trl and of the fact 
that the denotation of any formula is an upset. □ 

We can now formulate the residuation condition. 

Lemma 17. Equations FT^Hdl are valid in 7 : IT -► Trl IT iff 

(y,z) € 7 ® Xi) (aO iff (y,x) £ 7 ^ xt) (z) iff (x,z) 
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Proof. The ‘if’ direction follows easily by unravelling the definition of the seman¬ 
tics. So let us turn to the ‘only if’ direction. Assume that a®b < c iff b < a- 0 c 
and let 7 :W -* TnifW. We will show that ( y , z ) e 7 ® X ^(x) iff ( y , x ) e 7 ^ x ^ (z), 
the case of (x,z) e 7 ^* l \y) is treated identically. 

We start by showing that if (y,x) e 7 ^*^ ( 2 ), then (y, z) e 7 ^ X ^(x). Assume 
(y,x) e 7 ^ x ^(,z) - that is, that there exist ( y',x ') € 7 _g(z) such that y < y' and 
x' < x. Consider a valuation such that [a] =f y and [ 6 ] =f 2 . We’re assuming 
that a®b < c iff b < a- 0 c, which means in particular that b < a -0 (a® b). Since 
z 1 = b, it must therefore also be the case that z 1 = a— 0 (a 0 b). Since [a] = y 
and y <y' we have y' l= a and it must therefore also be the case that x' 1 = a 0 b, 
and hence x\= a®b. It follows that there exist (y", z") e 7 ® ( 2 ) with y" > y and 
z" > z; that is, (y,z) e 7 ® ^(z)- 

For the converse, we show that if ( y,x ) £ 7 ^ X ^(z) then (y,z) £ 7 & xi \x). 
Let x, y,z elf with (y, x) £ 7 ^^ (z) and consider a valuation such that [a] =f y 
and [c] = (J, x) c . It follows that z 1 = a~ 0 c. Indeed, assume the opposite; that is, 
that there exists (y',x') € 7 ^>(z) such that y' 1 = a — that is, y < y' — and x' f c 

that is, x' £ (j x) c ; that is, x' < x. This means exactly that ( y,x ) e 7 ^ x ^(~), 
a contradiction. Thus z 1 = a— 0 c. Now assume that (y, 2 ) € 7 ® x ^(x); that is, 
there exist (y", z”) e 7 ® (3;) such that y" > y, z" > 2 . Since y \= a and z t= a~0 c 
we have y" 1 = a and z" 1 = a c and therefore we have x t= a® (a -0c). Since we’re 
assuming that a®b < c iff b < a —0 c, we have in particular that a® (a —® c) < c, 
and thus x\ - c. But this is impossible since [c] = (J. x) c . Thus we cannot have 
(y,z) 6 7 ®(a;) (lx;) ; that is, (y, z) £ 7 ®(x) ( ' t>4) . □ 

The entire information required to encode a XuL-coalgebra validating FCEM] 
is therefore entirely contained in 7 ^ x ^ (or 7 ^ x ^ or 7 ^L X ^). We will now show 
that we can in fact simply consider 7 ® (or 7 .® or 7 ®-). Note first that Lemma fT71 
enforces a strict constraint on 7 ® x ^: since 7 ^ X ^, 7 ^L X ^ are monotone it follows 
that if z < z' we must have 

{(y,x) | (y,z) €7® Xi, (a’)} <w°p*w {(y',x')\(y',z') e^ lxl) (x')} (3) 

and similarly, if y < y' 

{(x,z) | (y,z) 67 ^ Xl) (x)} <w*w°p {(x',z r ) \ (y',z r ) e 7 ^ * l) (x')} (4) 

for the Egli-Milner order on W op x W. The inequations Q and 0 are quite 
strong and must be satisfied by any map 7 ^ x ^ capable of reconstructing the 
entire Tnx-coalgebra. More generally, we say that a a monotone map 7 : W -> 
P C (W x W ) obeys the Residuation Compatibility Condition (RCC) if 

{{y,x) | (y,z) e 7 (x)} <w°p*w {(y',x') | ( y',z') € 7 ( 3 ;')} and 
{(x,z) I (y,z) e 7 ( 3 ;)} < W xw°p {{x',z') I (y',z') e 7 ( 3 :')} (RCC) 
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We now generalize the statement of Lemma [T7] to an arbitrary monotone map 
7 :W~* P C (W x W) by defining 

7 : W -*• P C (W° V x W),z {(y,a:) | (j/,2) e 7(2)} ( 5 ) 

7 : W ^ Pc-CW 7 X W op ),j/ H* {(x,z) I (y,z) € 7(2;)} ( 6 ) 

Lemma 18. If 7 : W -» Pc(W’xW) satisfies \RCC\) . then^f and'y are monotone 
maps. 

Proof. Immediate from the definitions. □ 

With this notation in place we can now state the main result of this Section, 
which relies on showing that we can impose (IRC Cl) on 7 ® rather than 7 ^*^. 

Theorem 19. The logic defined by L R l and the axioms F(J^Hfi\is strongly com¬ 
plete with respect the class of T R l~ coalgebras of the shape 

7/ x 7 ® x 7 g x 7 ^ : W - 2 x P C (W x W) x P c (W op x W) x P C (W x W op ) 

such that 70 satisfies mum . 

Proof. Let 7 = 7 ; x 7 ® x 7 ^ x 7 ®_ : W T RR W be a coalgebra in which the 

frame conditions F am are valid. From Lemma M it follows that the frame 

conditions are valid in the coalgebra 

7/ x 7^ X ° x 7^ X ° x 7^ Xi) = W - T RL W 
and from Lemma [IT] this coalgebra is in fact of the shape 

7 / x 7 ^ X ° x 7 ^ Xi) x 7 ^ X ° = W - T RL W 


If we can show that 7 ^ J ' X ^ = 7 ®^ x ^ and 7 ^ x ^ = 7 ®^ x ' l \ then our claim will 
follow from Lemma HH1 We show the first equality, the second one being similar. 


^(y,z)e 7 ^(x) 

o1y',z' s.th. y<y',z<z' and ( y',z') e 7 ®(a:) 
o3y',z s.th. y<y',z<z' and ( yx) £ 7 ® (Y) 
=>3x',y' s.th. x < x, y < y' and {y , x') e 7 ®(z) 

•^( 2 />^) 7 ® (ixt) (“) 


Def. of 7 i ixi) 
Def. of 7 ^ 
Def. of 7 0 
(|j?(7(7|) and z < z' 
Def. of 7 ^ (lxt) 
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Conversely, we have 
(y,x)^\z) 

o3x', y' s.th. y < y', x' < x and (y r , x') e 7 ®(z) 
o3x r , y' s.th. y < y',x' < x and ( y',z ) e 7 ® (x 1 ) 
^3y',z' s.th. y <y',z < z' and (y',z') e j»(x) 

**(y,z) € 7® xl) (z) 


Def. of 7® * f) 
Def. of y® 
7 ® monotone and x < x 
Def. of 7 ^° 


6 7 ® Xl) (-) 


Def. of 7 ^ 1) 


□ 


Example 20. Heaps, which for the sake of brevity and convenience we shall de¬ 
fine as partial maps on N+ with finite domain, form a model satisfying Theorem 
HE To show this, we first define the set of heaps 

H = {/:N + ^N + |dom(/)e^(N + )} 

It forms a poset under the order 

f <9 if f - 9 \ dom(/) 

We now define a Trl- coalgebra structure on TL as follows: 


7 / -n -> 2 , 


/' 


|0 i/dom (/)=0 

11 else 


7® '■ 'H -»• P d'H xH), f ”-{(g, h) \ dom(g) n dom (h) = 0, 

/ 1 dom(g) = g,f \ dom (h) = h} 

Clearly 7 / is trivially monotone, and validates the axioms idJU To see that 
7® is well-typed, note first that 7 ®(/) is a down-set, and therefore also convex. 
Moreover, it is not hard to see that if f extends f; that is, f < f then 7 ®(/) £ 
7<s(/ , )■ first half of the Egli-Milner definition is therefore trivially satisfied. 
For the second half, if ( g',h') e 7 ®(/'); then ( g' \ dom (f),h' \ dom(/) e 7 ®(/) 
provides the witness we need. It follows that 7® is also monotone and thus 
well-typed. Finally, we need to check that it satisfies \RCC\) : that is, if h < h' 

{( 9,f ) I (9,h) G7®(/)} ^'H°p x'H 

Starting from ( g, f) in the first set, we define f by f - f on dom(/) and f - h' 
ondom(/i')n(dom(/)) c and get an element ( g,f ) such that ( g,h ') £7®{f'),g < 
g and f < f, which shows that the first direction of the Egli-Milner order holds. 
For the second, start with ( g',f ) in the second set and define f by f - h on 
dom(/i) and f = g' ondom(g'). It is easy to see that (g 1 , h) e 7 ®(/), 5 , < g' and 
f < f, providing a witness for the second direction of the Egli-Milner order. It 
follows that 7® satisfies \RCC\) . and heaps therefore provide a class of models 
for the distributive full Lambek calculus. 
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6.2 Additional frame conditions. 


Structural rules can be added to the full distributive Lambek calculus to form 
new logics. These rules are the exchange rule (e), the contraction rule (c), 
the left weakening rule (lw), and the right weakening rule (rw). Relevance 
logic for example consists in adding (c) and (e) to the distributive Lambek 
calculus, adding only (c) defines the positive MALL + fragment of linear logic 
( jRes020 . whilst the combination of (lw), (rw) and (e) defines affine logic. These 
structural rules correspond to (in)equations in the theory of residuated lattices 
(see [ lRes02llQno03lfCTJK007j ): that is, in the language of TRL-algebras. Let us 
go through them in order. 

Exchange. The exchange rule corresponds to the axiom (e) given by a® 6 = 
b® a. It is easy to see from the results of Section [~T~21 that it is canonical. The 
class of TRL-coalgebras in which this axiom is valid is characterised by 



the successor states. In the case of the boolean Lambek calculus, that is to say 
in the classical case, we clearly have ( y,z ) £ 7 ®(a;) iff ( z,y ) 6 7 ®(a;). 

Contraction. The contraction rule corresponds to the axiom (c) given by 
a< a® a; that is, increasing idempotency (see jOnoQ311GJKQ07] !. Once again, 
the canonicity of this axiom is almost immediate from Section 14.21 The class of 
2RL-coalgebras in which (c) is valid is characterized by 


Va: e W3(y 1 z ) £ 7 ( 2 ;) s.th. x <y,z 


and in the classical case, this means that ( x,x ) £ 7 ®(x). 

Left weakening. The weakening rule corresponds to the axiom a < I, viz. 
every state is a unit state. Coalgebraically, this means that the component 7 j 
of a TRL-coalgebra is the constant map 0 £ 2. In the classical case, this amounts 
to saying that 1 = 1. 

For the right weakening rule we need to introduce a new unit, which we 
will denote J. In fact we use this as an opportunity to introduce a whole new 
signature, dual to the signature defining Erl- We define 



where s is the fully invariant equivalence relation in ^ generated by following 
the Distribution Laws for non-empty finite subsets A of A: 


DL a l. A A © a = /\[X © a] 
DL 9 2. a® AX = A[a © X] 
DL 9 3. a —© V A —V[n—©A] 


DL a 4. A A-© a = V[A ~© a] 
DL 9 5. V A ffi- a = V[A ffi- a] 
DL 9 6 . a®- AA = V[ae-A]. 
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Note that the equations DI/tTflni are dual to the equations DL[I][G] In partic¬ 
ular, © is a binary □, whilst <g> is a binary <>• The language £(L^ l ) will also be 
interpreted in Trl coalgebras, via the semantic transformation <5 RL : L^ h G -> 
GTrx defined at every poset W via its action on the generators: 

$w d (J) = {t 6 T rl W 17n(t) = 1 e 2} 

(5^ L0 (u©u) = {t e T RL IT I V (x, y) e it u or y e u} 

<5^ L0 (u-ffi w) = {t e T RL W | 3 (x,y) e 7 T 3 (t),x£ u and yew} 

5^ (w ffi-v) = {te T rl W | 3 (x,y) e n 4 (t),xi v and yew} 

A proof very similar to that of Proposition [T] shows that 5 RL is well-defined, 
and using exactly the same technique as in Theorem [3j it can be shown that 

T) T ^ 

the adjoint transpose of <5 has right inverses at every distributive lattice. It 
follows that £(Tr L ) is strongly complete with respect to the class of all Trl- 
coalgebras. However, the intended interpretation of -ffi and ©- is once again 
that they should be the left and right residuals of ©. We therefore introduce 
the following axioms. 

FC a l. a ffi J = a, J ffi a = a, FC a 4. (c ffi- b) © a < c ffi- (a ffi b), 

FC S 2. / < a -ffi a, I < a ffi- a, FC a 5. (a ffi- b) ffi b < a, and 

FC a 3. a ffi (&-ffi c) < (a ffi b) -ffi c, FC a 6. 6ffi(5-ffia)<a. 

These axioms capture identities and residuation, and are therefore of exactly 
the same shape as axioms FCtUHl A dual construction to that of Section 16.11 
shows that equations FC0[6] are valid in a TRL-coalgebra 7 : W -*■ Trl iff it 
satisfies 


(2/1 z ) e 7 ^^) I® (»>*) £ 7 ^ Xl) (*) iff (x,z) e 7^%) 

where and 7 ^ are defined by Eqs. 10 , 0. The fact that 7 ^*^ and 7 ^*^ 

should be monotone means that 7 ^*^ must satisfy (IR.CCI) . Finally, dualising 
Theorem 17371 we get 

Theorem 21. £(L^ l ) quotiented by the axioms strongly complete 

with respect to the class of Trl -coalgebras of the shape 

7 j x 7 ® x 7 ® x 7 : W -*■ 2 x P C {W x W) x P c (W op x W) x P C (IT x W op ) 

— © 

such that 7 © satisfies mca . 

Combining this theorem with our earlier result on the modularity of coal- 
gebraic completeness-via-canonicity (Theorem flSl) we get that the logic defined 
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by £(-Lrl + Lr L ) an d th(3 axioms FC[2][6]and FC^^Elis strongly complete with 
respect to Trl x ?RL-coalgebras of the shape: 

(7/ x 7® x 7® x 7 8 ) x (7J x 7® x 7® x 7 ffi ) : 

W -> (2xP c (VF x W) x P c (W op x W) x P C (W x VF op )) 2 (7) 

where both 7® and 7® satisfy (IRC Cl) . We can now return to the structural 
rules which we described at the beginning of this section and account for right 
weakening. 

Right weakening. Working in the signature of the fusion £(Lrl ® Lr L ), 
right weakening corresponds to the axioms J < a which is clearly canonical. 
Coalgebraically this axiom corresponds to saying that if jj(w) = 1 in a model, 
then w 1= a for any formula a and any valuation. This is clearly not possible: 
let p e V be a propositional variable and consider a valuation such that [p] = 
(| w) c (a valid upset), clearly w f p. It follows that 7 j must be the constant 
monotone map 0 e 2. In particular if left weakening is also allowed, then nothing 
distinguishes 7/ and 7 j and J holds precisely when / does not; that is, never. 
In the classical case we clearly have J = 1. 

The logic defined by Lrl + Tr L an d the axioms FCHEl FC^ljn] and the 
exchange axioms a <S> b = b ® a and a ® b = b ® a is the positive fragment of 
the Multiplicative-Additive Linear Logic (MALL + in IRes02j l. Many additional 
features could be added to the quotient of C(L rl + L ) under FC ITMI and 
FCm most notably one could define the ‘negation’ operations ~ a = a — <g> J 
and -1 a = J <S>— a and use them to connect the behaviour of the two halves of 
the signature. We refer the reader to lRes02| . [Qno03] and |GJKQ07] for such 
considerations. To conclude we return to our heap model and show that it is a 
model for the logic we have just defined. 

Example 22 C |BV15| 1. Recall from Examvle\20\that the poset of heaps T-L can be 
equipped with a map 7® : H -»• P c (77 op x 77) which satifies \RCC[) . and can thus 
be used to reconstruct an entire T^-coalgebra structure (modulo a monotone 
map 7/ : 77 -»■ 2). We will now define a second such map which will interpret 
the dual signature given by L^ h in the way suggested by fBVltfj . We choose an 
arbitrary upset of heaps U £ 77 and define 


u-n 



iffzU 

else 

{( g , h) | dom(/) = dom(g) n dom(h) 
g 1 dom(/) = h \ dom(/)} 


The map 7 j is well-typed by construction. To see that 7® is also well-typed, note 
first that 7©(/) is this time an upset, and therefore convex. It is not difficult 
to check in the same way as in Example\20_ \ that if f < f then 7®(/) < 7®(/ , j 
for the Egli-Milner order; that is, 7® is monotone and thus well-typed. Simple 
set-theoretic considerations of the same type as in Example \2(A also show that 
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7 © defined as above satisfies KRCC\) . It follows that the data of 7 ®, 7 © and U 
endows the poset TL of heaps with a (Trl ) 2 -coalgebra structure allowing the 
interpretation of £(Lrl + -^rl) - formulas. It is shown in WV15f that several 
additional £(Trl + £r l) -axioms may be envisaged. Most notably the axioms 
a < a © 0 and a © 0 < a (which combined give FC r \7\ an axiom we have chosen 
not to enforce as ‘standard’), the contraction axiom a © a < a (dual to axiom 
(c)) and the weak distribution axiom a 0 (b © c) < (a < 8 > b) © a. These axioms are 
canonical, and Theorems \lf\ and \15\ therefore easily provides strong completeness 
for these axioms too, although as was is shown in \BV15f . no heap model can 
validate all three of these axioms simultaneously. 


7 Conclusion and future work 

We have shown how distributive substructural logics can be formalized and 
given a semantics in the framework of coalgebraic logic, and highlighted the 
modularity of this approach. By choosing a syntax whose operators explicitly 
follow distribution rules, we can use the elegant topological theory of canonicity 
for DLs, and in particular the notion of smoothness and of topology matching, 
to build a set of canonical (in)equation capturing the distributive full Lambek 
calculus. The coalgebraic approach makes the connection between algebraic 
canonicity and canonical models explicit, categorical and generalizable. 

The modularity provided by our approach is twofold. Firstly, we have 
a generic method for building canonical (in)equations by using the Principle 
of Matching Topologies. Getting completeness results with respect to simple 
Kripke models for variations of the distributive full Lambek calculus (e.g. rele¬ 
vant logic, MALL + , etc...) becomes very straightforward. Secondly, adding more 
operators to the fundamental language simply amounts to taking a coproduct 
of syntax constructors (e.g., Lrl + Tml to define modal substructural logics) 
and interpreting it with a product of model constructors (e.g., Trl x Tml)- This 
is particularly suited to logics which build on BI such as the bi-intuitionistic 
boolean BI of B\ 1 . 

The operators ®, -®, ®- all satisfy simple distribution laws, but our approach 
could also accommodate operators with more complicated distribution laws and 
non-relational semantics. For example, the theory presented in this work could 
perhaps be extended to cover a graded version of ®, say whose interpreta¬ 
tion would be ‘there are at least k ways to separate a resource such that...’ or 
‘a resource can be split in two at a cost of k...\ the semantics would be given by 
coalgebras of the type 2 xfi(-x-) where B is the ‘bag’ or multiset functor. Simi¬ 
larly, a graded version ->■& of the intuitionistic implication whose meaning would 
be ‘... implies ... apart from at most k exceptions’ and interpreted by B(- x -)- 
coalgebras could also be covered by our approach. Crucially, such operators 
do satisfy (more complicated) distribution laws which lead to generalizations of 
the results in Section HT21 and the possibility of building canonical (in)equations. 
The coalgebraic infrastructure would then allow the rest of the theory to stay 
essentially unchanged. We are currently investigating these possibilities. 


27 










References 


[BdRVOl] 

[BKPV11] 

[BKV13] 

[BV15] 

[CG13] 

[CG15] 

[CGvRll] 

[CGZ07] 

[CMP12] 

[CMP15] 

[CP07] 

[CP09] 

[DGP05] 


P. Blackburn, M. de Rijke, and Y. Venema, Modal logic, Cambridge 
Tracts in Theoretical Computer Science, vol. 53, Cambridge Univer¬ 
sity Press, 2001. 

Marta Bilkova, Alexander Kurz, Daniela Petri§an, and Jin Velebil, 
Relation liftings on preorders and posets, Algebra and Coalgebra in 
Computer Science, Springer, 2011, pp. 115-129. 

Adriana Balan, Alexander Kurz, and Jiff Velebil, Positive fragments 
of coalgebraic logics, Algebra and Coalgebra in Computer Science, 
Springer, 2013, pp. 51-65. 

James Brotlierston and Jules Villard, Sub-classical boolean bunched 
logics and the meaning of par, LIPIcs-Leibniz International Proceed¬ 
ings in Informatics, vol. 41, Schloss Dagstuhl-Leibniz-Zentrum fuer 
Informatik, 2015. 

Jean-Rene Courtault and Didier Galmiclre, A modal bi logic for dy¬ 
namic resource properties, Logical Foundations of Computer Science, 
Springer, 2013, pp. 134-148. 

_, A modal separation logic for resource dynamics, Journal of 

Logic and Computation (2015), exv031. 

D. Coumans, M. Gelirke, and L. van Rooijen, Relational seman¬ 
tics for a fragment of linear logic, Proceedings of PhDs in Logic III 
( 2011 ). 

C. Calcagno, P. Gardner, and U. Zarfaty, Context logic as modal 
logic: completeness and parametric inexpressivity, ACM SIGPLAN 
Notices, vol. 42.1, ACM, 2007, pp. 123-134. 

M. Collinson, B. Monahan, and D. J. Pym, A discipline of mathe¬ 
matical systems modelling, College Publications, 2012. 

M. Collinson, K McDonald, and D. Pym, Layered graph logic as an 
assertion language for access control policy models, Journal of Logic 
and Computation (2015), In Press. 

C. Cirstea and D. Pattinson, Modular construction of complete coal¬ 
gebraic logics, Theor. Comput. Sci. 388 (2007), no. 1-3, 83-108. 

M. Collinson and D. Pym, Algebra and logic for resource-based sys¬ 
tems modelling, Mathematical Structures in Computer Science 5 
(2009), 959-1027. 

J. Michael Dunn, M. Gelrrke, and A. Palmigiano, Canonical Ex¬ 
tensions and Relational Completeness of Some Substructural Logics, 
The Journal of Symbolic Logic 70 (2005), no. 3, pp. 713-740. 


28 



[DP11] F. Dahlqvist and D. Pattinson, On the fusion of coalgebraic log¬ 
ics, CALCO 2011. Proceedings, LNCS, vol. 6859, Springer, 2011, 
pp. 161-175. 

[DP13] _, Some sahlqvist completeness results for coalgebraic logics, 

FOSSACS 2013. Proceedings, LNCS, vol. 7794, Springer, 2013, 
pp. 193-208. 

[DP15] F. Dahlqvist and D. Pym, Completeness-via-canonicity for distribu¬ 
tive substructural logics, a coalgebraic perspective, Proc 15th Int. 
Conf. on Relational and Algebraic Methods in Computer Science 
(RAMiCS 2015), vol. LNCS 9348, 2015, pp. 119-135. 

[Dun95] J. M. Dunn, Positive modal logic, Studia Logica 55 (1995), no. 2, 
301-317. 

[Geh06] M. Gehrke, Generalized Kripke frames, Studia Logica 84 (2006), 
no. 2, 241-275. 

[GH01] M. Gehrke and J. Harding, Bounded lattice expansions, Journal of 
Algebra 238 (2001), no. 1, 345 - 371. 

[Gir87] J.-Y. Girard, Linear logic., Theoret. Comp. Sci. 50 (1987), 1 102. 

[GJ94] M. Gehrke and B. Jonsson, Bounded distributive lattices with oper¬ 
ators., Mathematica Japonica 40, No. 2 (1994), 207-215. 

[GJ04] _, Bounded distributive lattice expansions., Mathematica Scan- 

dinavica 94 (2004), 13-45. 

[GJKO07] N. Galatos, P. Jipsen, T. Kowalski, and H. Ono, Residuated lattices: 

An algebraic glimpse at substructural logics: An algebraic glimpse at 
substructural logics, vol. 151, Elsevier, 2007. 

[GMP05] D. Galnriclie, D. Mery, and D. Pym, The semantics of bi and resource 
tableaux., Mathematical Structures in Computer Science 15 (2005), 
1033-1088. 

[IO01] S. S. Ishtiaq and P. W. O’Hearn, Bi as an assertion language for 
mutable data structures, ACM SIGPLAN Notices, vol. 36.3, ACM, 
2001, pp. 14-26. 

[Jon94] B. Jonsson, On the canonicity of Sahlqvist identities, Studia Logica 
53 (1994), no. 4, 473-492. 

[JS10] B. Jacobs and A. Sokolova, Exemplaric expressivity of modal logics, 
J. Log. and Comput. 20 (2010), 1041-1068. 

[JT51] B. Jonsson and A. Tarski, Boolean algebras with operators, part 1., 
Amer. J. Math. 33 (1951), 891-937. 


29 



[KKP04] 

[KKP05] 

[Ono03] 

[OP99] 

[POY04] 

[Res02] 

[Rey02] 

[Suzll] 

[Ven06] 


C. Kupke, A. Kurz, and D. Pattinson, Algebraic semantics for coal- 
gebraic logics, CMCS 2004, Electr. Notes in Theoret. Comp. Sci., 
vol. 106, 2004, pp. 219-241. 

_, Ultrafilter Extensions for Coalgebras, CALCO, LNCS, vol. 


3629, Springer, 2005, pp. 263-277. 

H. Ono, Substructural logics and residuated lattices an introduction, 
Trends in Logic 20 (2003), 177-212. 

P. W. O’Hearn and D. J. Pym, The logic of bunched implications, 
Bulletin of Symbolic Logic 5 (1999), no. 02, 215-244. 

D. Pym, P. W. O’Hearn, and H. Yang, Possible worlds and resources: 
The semantics of bi., Theoret. Comp. Sci. 315 (2004), no. 1, 257 
305. 

Greg Restall, An introduction to substructural logics, Routledge, 
2002 . 

J. C Reynolds, Separation logic: A logic for shared mutable data 
structures, Logic in Computer Science, 2002. Proceedings. 17th An¬ 
nual IEEE Symposium on, IEEE, 2002, pp. 55-74. 

T. Suzuki, Canonicity results of substructural and lattice-based log¬ 
ics, The Review of Symbolic Logic 4 (2011), 1-42. 

Y. Venema, Algebras and coalgebras, Handbook of Modal Logic 
(J. van Benthem, P. Blackburn, and F. Wolter, eds.), Elsevier, 2006. 


Appendix 

Proof of Theorem 0 We prove the result for Lrl and Trl, the same technique 
can readily be applied to Lml and Tml- We need to prove that <5 RL has a natural 
right inverse. By describing a prime filter of LA in terms of the ‘generators’ it 
contains we get the following characterization of : TPfA -*• Pf LA: 

I eS A (U 1 ,U 2 ,U 3 ,x) iff x = 0 

a 9 b e 8 a {Ux, U 2 , U 3 , x) iff 3(F 1 , F 2 ) e U x , (a, b) e (E\, F 2 ) 
a —® b e 8 a {U\, U 2 ,U 3 ,x') iff V(/' i. If ) e U 2 ,a e l'\ => b e F 2 
a <8>— b e S A (U\, U 2 ,U 3 , x) iff V(Fi, F 2 ) € U 3 ,b e F 2 a e Fi 
At every distributive lattice A, we now define <y A : PfLA -»■ TPf A by 
0 if I e F, 1 else 

{(Pi, F 2 ) e (PfA) 2 [ a ® b s F whenever (a, b) € (Fi, F 2 )} 
{(G\,G 2 ) e (PfA) 2 [ a e Gi => b e G 2 whenever a-® b e A} 
{(Hi,H 2 ) e (PfA) 2 | b e H 2 => a e Hi whenever a ®- b e F}. 
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By unravelling the definition of 6^, we get that for 7 a to be a right inverse of 
it must satisfy: 

(a®b)eFo3(F 1 ,F 2 )e7ri( 7A (F)) s.th. (a,b) £ (F U F 2 ) (8) 

a~® b € F o VG'i,G , 2 e t72(7a(F)) a e G\ => b e G 2 (9) 

ct ( 8 >— b £ F <=> V H\ , e 7T2( 7 a(F')') b e H 2 a e Hi (10) 

Note that the first component of 7,4 poses no difficulty since 

I £ S a (7a(F)) 7 n(7A(F)) = 0 o I e F 

Note also that the right-to-left direction of © and the left-to-right direction of 
TO follows immediately from the definitions. The hard part of the proof are 
the opposite directions. 

Left-to-right direction of ([ 8 ]): Assume that a® b £ F, we need to build 
F\. F ‘2 such that: (l)a e F\, (2)6 e F 2 and (3 )(Fi,F 2 ) e 7 ^( 7 a{F))\ that is, 
a' £ F\ and b' e F 2 implies a' ®b' € F, or equivalently, a’ ®b' i F implies a' £ F\ 

or b' F 2 . We will build Fi,F 2 , using a proof which is similar to the proof of 

the prime ideal theorem for filter-ideal pairs. Let us denote by 3^{a,b) the set 
of pairs ((Fi, Ji), ( F 2 ,I 2 )) such that 

1. t a £ Fi 

2 . t 6 £F 2 

3. /1 = {c | 3d e F 2 s.th. c® d £ F} 

4. I 2 = {d \ 3c £ Fi s.th. c® d £ F} 

5. Fi £ (c | \/d £ F 2 ,c ® d £ F} 

6 . F 2 £ {d | Vc e Fi, c ® d £ F} 

We make the following observations about ^(a, 6 ) 

• it is non-empty: ((t a, (c | c® b $ F}), (f 6 , {d | a® d £ F})) £ £?(a,b) 

• it forms a poset under component-wise set inclusion. 

• Ii , I 2 are ideals. It is clear that they are down-sets. Moreover, if c, c' e Ii 
then there exist d, d! £ F 2 s.th. c® d,c r ® d' £ F, and as a consequence 
c® (d a d') 1 c' ® (d A d') i F and d a d' £ F 2 since F 2 is a filter. Since F 
is prime and ® distributes over joins it follows that (c v c') ® (d A d') i F, 
and thus d A d' witnesses the fact that c v d £ I\. The proof is identical for 

d-2 • 

• Fi n F - F 2 n / 2 = 0 for each ((Fi,/i), (F 2 ,I 2 )) e ^(a, 6 ). Indeed assume 
that there exist / € F\,i £ I\ such that / < i, then we have f ® d < i ® d 
for some d £ F 2 such that i ® d £ F. But by construction we must have 
f ® d £ F which contradicts i ® d£ F, since F is a filter. 
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Let us now check that a,b ) has upper bounds of chains. Assume that 

((-Fi,/(), {F 2 .F 2 )) € &(a,b),i € u> and define 

a~ = ua, ir =uA *=1,2 

j 3 

It is well-known and easy to check that the union of a chain of filter (resp. ideals) 
is a filter (resp. ideals). Let us now check that conditions 1.-6. are satisfied too. 
The first two conditions are trivially satisfied. For 3.-4., let x € I™, by definition 
there exists few s.th. c 6 I\ and thus there exist d e F[ s.tli. c ® d £ F, but 
clearly d e F™ too, which shows that I™ £ {c | d e F 2 °° s.th. c ® d £ F}. The 
opposite inclusion works in exactly the same way: let c be s.th. there exists 
d € F 2 °° s.th. c <g> d £ F, then this d can be traced back to a certain F 2 and thus 
c 6 I\. The proof for 5.-6. is very similar, let c € F-^°. then there exist few 
s.th. c € FI Now let d € F£° , then there exist jew s.th. d e F 2 . By taking 
k = nrax(i, j) we get that c € F 2l d e F 2 from which it follows that c ® de F. 

We can now apply Zorn’s lemma to get the existence of a maximal element 
of dP(a,b), which we will call 

((F 1 ,,i 1 ),(F 2 ,i 2 )) 

and we claim that F\, P 2 are two prime filters satisfying conditions (l)-(3) which 
we specified at the beginning of the proof. It is clear that a € F± and b € P 2 , 
thus (1) and (2) are satisfied. For (3), assume that a' ®b' £ F and that a' 6 F\, 
then by construction, b' e I 2 , and since F 2 n I 2 = 0 we get b' £ F 2 which is what 
we needed to show. The last step of the proof is to show that Fi. F 2 are prime. 
Assume that c v d e F± but that c, c' £ F\. It follows that 

((Fuji), (F 2 , h)) $ (((A u {c}),h), ( F 2 ,{d | 3c e(A u (c}> s.t. c ® d £ F})) 

where (A u {c}} is the filter generated by A u {c}. Since the left-hand side of 
the inequality is maximal, it cannot be the case that the right-hand side belongs 
to &(a,b) that is, one of the conditions 1.-6. cannot hold. Clearly 1. and 2. 
must hold, and 3. and 4. hold by construction, thus 5. or 6. cannot hold. In 
fact both conditions will not hold precisely if there exist de A and / e A such 
that (/ f\c)®d£F\ that is, / a c e A; that is, there exist iel\ s.th. 

/ AC<1 

A completely similar reasoning shows that there must exist j' € F\ and i' e I\ 
such that 

rl . r . ■/ 

J AC < l 

It thus follows that 

(/ v /') A (/ V c') A (c V /') A (cvc')<ivi' 

Since A is a filter, I\ is an ideal, and we’ve assumed c v c' e A, we get that 
Fi n Ii + 0 which is a contradiction by virtue of the properties of elements of 
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a,b ). Thus either c or d belongs to F\ which is thus prime as desired. A 
completely analogous argument shows that F 2 is prime too. 

Right-to-left direction of (f9ll 10 h : We show the contrapositive; that is, 
that if a b f F there exists F \, F 2 such that a £ F\ and b f F 2 . We proceed as in 
the case of ® by defining the set dP(a,b) of filter-ideal pairs ((Fi,/i), (F 2 ,/ 2 )) 
such that 

1 . | a £ Fi 

2. h = {c\3deI 2 (c-®d)eF} 

3. F 2 = {d [ 3c e Fi(c—® d) 6 F} 

4. j. a £ / 2 

5. Fi £ {c | Vd e d 2 (c-® d) $ F} 

6 . I 2 £ {d | Vc e Fi(c—< 8 > d) £ F)} 

We make the following observations about & (a, b) 

• it is not empty: ((t a, {c | 3d < b{c— ® d) e F}), ({d | a-® d e F}, f 6 )) e 
^(a, 6 ). We need only check that conditions 5. and 6 . are satisfied. Let 
c be s.th. there exist d < b with c—® d e F, and assume a < c, it follows 
that 

F s c—<g> d < a-<g> d < a—® b £ F 

a contradiction. Similarly, if there exist d such that a —® d € F and d <b, 
then F b a -® d < a —® b i F, a contradiction. 

• it forms a poset under component-wise set inclusion 

• I\ is an ideal: assume c e /1 and d < c, since -® is antitone in its first 

argument, we get c-®d < c'-®d and thus c'-®d € F. Moreover, if c,c' e 

then there exist d, d' € I 2 such that c —< 8 > d, c' -® d's F. Since F is a filter, 
and I 2 is an ideal, we get c-«(dvd'),c'H 8 i(dv d') € F and (d v d') e I 2 . 
If we now consider (c v d) —® (d v d A ) we get by the anti-join preservation 
law of -®, c~® (d v d') a c' —® (d v d') which is a meet of elements of F 
and thus an element of F. Thus (d v d') witnesses that cv d £ Ii 

• For completely dual reasons, F 2 is a filter. 

• Fi n I 2 = F 2 n I 2 = 0 for each ((Fi, Ji), (F 2 ,/ 2 )) e £P(a,b): assume / e Fi 
and i £ I\ s.th. / < i, then by definition of Ji there exist d such that 
*—® d £ F but since -® is antitone in its first argument, this would mean 
/ —< 8 > d e F which contradicts property 5. of Fi. Dually, assume that there 
exists / e F 2 , i e d 2 s.th. f <i, then by definition of F 2 , there exist d such 
that / d e F, but then we would also have i -® d e F which contradicts 
the property 6 . of J 2 . 
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We now check that & (a, b) has upper bound of chains, let ((F[, I\), (F%, l\) e 
£P(a,b),i 6 w and define 

*T = U*?> A°=UA, i = 1,2 

3 3 

It is not difficult to see that ((F™, Jfj, (F£°,I%°)) e a,b ) by proceeding as 
in the existence lemma for <g>. We then apply Zorn’s lemma to get a maximal 
element ((A, A), (A, A)) of £A(a,b). It is clear that a e A j i F 2 . We need 
only check that they are prime filters. Assume cm c' 6 A but c, c' i Ft, it follows 
that 

((Fiji), (A, A)) $ («A u {c}), A), ({c | 3d e (Ft u {c})(c-® d) e F}, A) 

Since ((Fiji), (A, A)) is maximal, the right-hand side of the inequality must 
violate either 5. or 6 ., which in fact amounts to the same thing, namely the 
existence of / e F\,d e I 2 s.th. (/ v c) —® d 6 F: that is, (/ a c) e A; that 
is, (/ v c) < i, for some i e I\ . A similar argument implies the existence of 
f e A , i' e A such that /' Ac < i' and a contradiction follows as in the proof 
for ®. To show that F 2 is prime is equivalent to showing that I 2 is prime, and 
a proof totally dual to the above proof shows just that. The proof for ®- is 
clearly identical. □ 

Proof of Proposition \TB 1 Recall Diagram @: 


LrlA - £rl ' M > L Rh UPfA 



where £4 is the canonical model structure map whose existence we have es¬ 
tablished in Theorem [3] Recall that by definition of Trl, a is equivalent to a 
nullary and three binary maps on U A, which we denote as I, a®, a_® and dis¬ 
satisfying the distribution laws DL[I}DI[ 6 ] 

Similarly, U Pfa o UC,a 0 Am is equivalent to a nullary operator and three 
binary maps on \JUPfA = U A a which we will denote by UPfa °U(,a 0 1',UP fa ° 
UC,a 0 8®, UPfa o U(a 0 8-g> and UPfa ° UC,a 0 8s- and satisfy DlODLEl By 
commutativity of the above diagram these operators are extensions of I, a®, a_® 
and as- respectively. We want to show that they are in fact their unique 
canonical extensions. The treatment of the nullary operator is trivial. For the 
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binary operators, we will show that they are smooth and thus equal to the 
unique canonical extensions and respectively, by Proposition [ 6 ] We 

start by proving the following claim which readily generalises to the n-ary case. 

Claim: Let A, B be DLs and let / : U A -*■ U B. Assume that / : U A a -*■ U B a 
is an extension of / that (anti-)preserves all binary joins or (anti-)preserves 
binary meets, then / is (a, yj-continuous and thus smooth. 

Proof: Since / preserve all binary joins, its restriction / preserves binary 
joins, and is thus smooth. Moreover, we also know that the canonical extension 
/a _ fn p reserv es all non-empty joins. If / preserves all non-empty joins, then 
in particular it preserves all up-directed ones, and / is consequently (7 , 7 *)- 
continuous. Thus we need only show that it is (cr, y^-continuous too. In fact, 
we show the stronger statement that / is (cP, eP)-continuous. To see this, note 
first that since / extends / and preserves non-empty joins we have for every 
ueO(A) 

/(u) =/(V( a £ ^ l a ^ M l) 

= V{/(«) I A3a<u} 

= Vl/O) I A 3 a < uj = f n (u) = f a (u). 

That is, / agrees with f a on open elements. Now we use the fact that since f a 
preserves non-empty joins, it is (cP, (P)-continuous (see Proposition [5]); that is, 
that for any open v e 0(B ), there exists u s O(A) such that f a (u) = v and thus 
(/ <T )~ 1 (I v ) =i u. But since / and f a coincide on open elements, this also means 
that f(u ) = v\ that is, that (/) -1 (I v ) =[ u; that is, / is (a" 1 , a 1 )-continuous. 

The proof for the other preservation properties are very similar. Assume 
for example that / preserves non-empty meets, it preserve down-directed ones 
and is thus ( 7 '*’, 7 ' 1 ) continuous . Moreover f a = f * preserves non-empty meets 
and / agrees with f a on all closed elements. Since f a preserve non-empty 
meets, it is edj-continuous, and thus so is / by definition of and the fact 
that / and f a agree on closed elements. The proof for the anti-preservation 
properties are similar, with (cdjCp) and (cd,cdj-continuity being shown for 
anti-join preservation and anti-meet preservation respectively. 

This having been established, we can now return to our proof. Since WPfa 
and UC,a are inverse images, they preserve any meet and any join, and in par¬ 
ticular down-directed meets and up-directed joins. They are therefore ( 7 , 7 )- 
continuous. Note that this concept makes sense for maps between any DLs, not 
just canonical extensions. All that needs to be shown now is that and 

5®- have one of the preservation properties of proposition [51 We start with 6®: 
for any m,v € WPf A, i e / we have 

<S®(V u ii v ) = {t e T RL PfA | 3 (x,y) e 7r 2 (t)3i e I, x e iq, y e u} 

iel 

= |J{f £ 7 r L PL4 [ 3 (x,y) e 7r 2 (f) x£Ui,yev} 

iel 

= V $®(ui,v) 

iel 
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and similarly for the second argument. Thus (5® preserves all non-empty joins, 
and by Proposition[8]it is therefore (o- 2 , 7 )-continuous. Since UP^ot and UC,a are 
( 7 , 7 )-continuous, we get that U Pfa °UC,a ° <5® is (cr 2 , 7 )-continuous and thus 

al =UPfaoU( A °6® 


by Proposition [ 6 ] 

We can similarly show that 6/ (resp. S _®) preserves all non-empty meets 
in its first (resp. second) argument and anti-preserves non-empty joins in its 
second (resp. first) argument. As an illustration, 

MV u ^ v ) = {t 6 T rl P fA I V(x,y) e n 3 (t) x e V=*- y e v} 

iel iel 

= {t e T RL PfA | V(x,y) e 7r 3 (t) x i Vu* or V e c} 

iel 

= HV 6 lR L PfA | V(x,y) e 7r 3 (t) xtm ot ye c) 

iel 

= AM«wV 

iel 

In consequence we also get that 

= °UC,a° 

and similarly for , which concludes the proof. □ 
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